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The spectrum of elementary excitations in one-dimensional quantum liquids is generically linear at low mo-
menta. It is characterized by the sound velocity that can be related to the ground-state energy. Here we study
the spectrum at higher momenta in Galilean-invariant integrable models. Somewhat surprisingly, we show that
the spectrum at arbitrary momentum is fully determined by the properties of the ground state. We find general
exact relations for the coefficients of several terms in the expansion of the excitation energy at low momenta
and arbitrary interaction and express them in terms of the Luttinger liquid parameter. We apply the obtained
formulas to the Lieb-Liniger model and obtain several new results.
The renaissance of studies of interacting bosons has started
with realizations of Bose-Einstein condensates in cold gases
[1–3]. Such experiments are carried out in a highly adjustable
manner and yielded the observations of numerous quantum
phenomena [4]. In particular, the achievement of a one-
dimensional system of interacting bosons with controllable
correlations [5–8] have strongly stimulated theoretical activi-
ties [9, 10].
One-dimensional interacting systems of quantum particles
are qualitatively different from their higher-dimensional coun-
terparts [11]. The reason is the strong effect of quantum fluc-
tuations, which renders the ground state in one dimension to
be a liquid. At lowest energies, such a quantum state is well
described by the phenomenological Luttinger liquid theory
[11, 12]. It is characterized by two parameters:One is the exci-
tation velocity, and the other is the so-called Luttinger liquid
parameter that controls, e.g., the long-distance decay of the
single-particle correlation function. The elementary excita-
tions in a Luttinger liquid have a linear spectrum.
To access the real spectrum of a liquid that is generically
nonlinear, one must invoke the approaches that account for
the deviations from the Luttinger liquid theory [13]. At low
momenta, the excitation spectrum of elementary excitations
of a Galilean-invariant quantum liquid is expected to be of the
form [14]
ε±p = vp±
p2
2m∗
+
λ
6
p3 ± ν
24
p4 + · · · . (1)
Here the two signs refer to to the two types of elementary
excitations [15]. The upper (lower) sign refers to the particle
(hole) excitation spectrum. By a well-known thermodynamic
argument, the sound velocity v in Eq. (1) can be related to the
derivative of the ground-state energy E0 with respect to the
number of particles N as [9, 15, 16]:
v =
√
N
m
∂2E0
∂N2
. (2)
Here m is the mass of particles. The quadratic term in the
spectrum (1) contains the effective mass of elementary excita-
tions m∗, which satisfies the relation
m
m∗
= ∂n
(
n√
K
)
. (3)
Here K = pih¯n/mv denotes the Luttinger liquid parameter,
which is related to the sound velocity due to Galilean invari-
ance [9, 12, 13]. By n we denote the particle density. The
expression for the mass of excitations was initially derived
phenomenologically in Refs. [13, 17], while it has been re-
cently proved on a microscopic level in Ref. [18].
In this work, we use the microscopic theory to study the
one-dimensional Galilean invariant quantum liquids. Remark-
ably, we show that, in the integrable case, the excitation spec-
trum at any energy is determined only by the properties of
the ground state of the liquid. We find that the ground-state
energy feature such as the Luttinger liquid parameter (or the
sound velocity) fully determines the excitation spectrum. We
obtain several analytical results for the spectrum that are valid
at an arbitrary interaction. In particular, we find exact relations
for the coefficients λ and ν of Eq. (1). They are expressed in
terms of the parameter K and its dependence on the density.
We evaluate λ and ν in the special case of the Lieb-Liniger
model.
Understanding the excitation spectrum of a quantum
Hamiltonian is one of the most fundamental questions in
physics. Besides that, in the one-dimensional case, the spec-
trum is directly related to various exponents of dynamical
correlation functions, such as the spectral function and the
dynamical structure factor [13, 19–28]. The latter function
has been recently experimentally probed in the Lieb-Liniger
model [29, 30]. Our results have therefore a direct applica-
tion for the analytical calculation of experimentally accessible
quantities.
We study the system of interacting quantum particles de-
scribed by the Hamiltonian
H = − h¯
2
2m
N∑
i=1
∂2
∂x2i
+
1
2
∑
i6=j
V (xi − xj). (4)
We consider the thermodynamic limit, when both the num-
ber of particles N and the system size L are large, but the
particle density n = N/L is kept fixed. In the case of the
Lieb-Liniger model [31], Eq. (4) describes bosons with con-
tact interaction V (x) = h¯
2c
m δ(x). The parameter c > 0 de-
scribes the repulsion strength. For the interaction potential
V (x) = h¯
2
m
Λ(Λ−1)κ2
sinh2(κx)
, Eq. (4) corresponds to the hyperbolic
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2Calogero-Sutherland model [32]. The parameter κ controls
the range of interaction between particles.
The two models with particular forms of the interparticle
interaction are Bethe ansatz integrable [31–33]. This tech-
nique enables us to find the exact solution of the many-body
problem. Using Bethe ansatz, one finds the set of N rapidities
that characterize the many-body wave function. In the ground
state, they are compactly packed between the two Fermi points
−Q andQ. Here,Q is called the Fermi rapidity. It depends on
the particle density n and the details of the interaction. Like
the Pauli principle that enforces different momenta in a system
of fermions, the interaction enforces the spread of rapidities of
interacting bosons. In the thermodynamic limit, the density of
rapidities ρ(k,Q) in the ground state satisfies the Lieb equa-
tion [31–33]
ρ(k,Q) +
1
2pi
∫ Q
−Q
dk′θ′+(k − k′)ρ(k′, Q) =
1
2pi
, (5)
where Q is defined by the relation n =
∫ Q
−Q dkρ(k,Q).
The kernel θ′+ is the derivative of the two-particle phase
shift. For the Lieb-Liniger model, the phase shift is
θ+(k) = −2 arctan(k/c), while for the hyperbolic Calogero-
Sutherland model θ+(k) = i ln
(
Γ(1+ik/2κ)Γ(Λ−ik/2κ)
Γ(1−ik/2κ)Γ(Λ+ik/2κ)
)
,
where Γ denotes the gamma function. For a nonsingular ker-
nel in Eq. (5), the density of rapidities is a continuous smooth
function [34]. We note that the density of rapidities is an even
positive function: ρ(k,Q) = ρ(−k,Q) > 0.
In an excited state, the densely filled “Fermi sea” is per-
turbed. One can distinguish two types of elementary excita-
tions, classified as type I and type II [15]. A type I (particle-
like) excitation corresponds to a new set of rapidities, where
one promotes one rapidity from Q to a value above Q. A type
II (holelike) excitation can be seen as the promotion of one
rapidity from a value between −Q and Q to the value just
above Q. The physical momentum of a right-moving (p > 0)
elementary excitation is given by [15, 32, 33]
p(k) = 2pih¯
∣∣∣∣∣
∫ k
Q
dk′ρ(k′, Q)
∣∣∣∣∣ , (6)
while the corresponding energy is ε(k) =
∣∣∣∫ kQ dk′σ(k′, Q)∣∣∣.
Here, k > Q (|k| < Q) for type I (type II) excitations. The
function σ that enters the excitation energy obeys another in-
tegral equation [15, 32, 33]:
σ(k,Q) +
1
2pi
∫ Q
−Q
dk′θ′+(k − k′)σ(k′, Q) =
h¯2k
m
. (7)
Unlike the ground-state energy that is solely de-
termined by the density of rapidities [31], E0 =
(h¯2L/2m)
∫ Q
−Q dkk
2ρ(k,Q), one must calculate the function
σ defined by Eq. (7) to find the excitation spectrum.
We were able to show that the solution of the Lieb equation
(5) is sufficient in order to find the solution of Eq. (7). It can
be expressed as
σ(k,Q) = − h¯
2
2m
d
dk
∫ Q
|k|
dk′
ρ(k, k′)n˜(k′)
ρ2(k′, k′)
, (8)
where n˜(k) =
∫ k
−k dk
′ρ(k′, k). Equation (8) is notewor-
thy and reveals the deep connection between the ground-state
properties with the excitations, since it enables us to express
the excitation energy as
ε(k) =
h¯2
2m
∣∣∣∣∣
∫ |k|
Q
dk′
ρ(k, k′)n˜(k′)
ρ(k′, k′)2
∣∣∣∣∣ . (9)
Thus, once one knows the density of rapidities in the ground
state ρ(k,Q), one can directly infer the whole excitation spec-
trum, since both p and ε are expressed in terms of ρ(k,Q).
Equations for p [Eq. (6)] and ε [Eq. (9)] implicitly define
the excitation spectrum of the model (4). It acquires the form
(1) at low momenta. In the right-hand side of that formula,
various powers p have the prefactors that can be expressed as
derivatives of ε with respect to p. Since low p corresponds to
k → Q, it becomes evident that the prefactors in Eq. (1) can be
expressed in terms of ρ(Q,Q) and its partial derivatives. For
simplicity, let us first consider type I excitations, k > Q, and,
therefore, the absolute values in the momentum p(k) [Eq. (6)]
and the energy ε(k) [Eq. (9)] can be omitted. The momentum
and the energy are analytic functions and can be expanded into
a Taylor series at k → Q. Eliminating k from them yields
the spectrum of the form ε+p of Eq. (1). In the following, we
evaluate v, 1/m∗, λ, and ν.
A formal evaluation of the sound velocity v = ∂ε(k)∂p(k)
∣∣
k=Q
yields the expression v = h¯n/4pimρ2(Q,Q), since n˜(Q) =
n. On the other hand, for a Galilean-invariant system, the
velocity can be also expressed as v = pih¯n/mK, leading to
ρ(Q,Q) =
√
K/2pi [32, 33].
The mass of elementary excitations is defined by the rela-
tion 1/m∗ = ∂
2ε(k)
∂p(k)2
∣∣
k=Q
. From Eqs. (6) and (9), one directly
obtainsm/m∗ = [1/8pi2ρ2(Q,Q)]d [n/ρ(Q,Q)] /dQ. Using
the derivative of the density with respect to the Fermi rapidity
given by [18, 33] dn/dQ = K/pi, we transform the deriva-
tive to be with respect to n and eventually obtain Eq. (3). We
have therefore confirmed the result for the effective mass of
Refs. [13, 17, 18] using the microscopic approach.
We now evaluate the cubic term λ = ∂
3ε(k)
∂p(k)3
∣∣
k=Q
in the
spectrum (1). To achieve that, we use the relation
ρ′′QQ(k,Q)− ρ′′kk(k,Q) = 2
d
dQ
[ln ρ(Q,Q)]ρ′Q(k,Q), (10)
which is straightforwardly obtained from the Lieb equation
(5). Equation (10) helps us to reduce the order of deriva-
tives. We also employ the expression for the total derivative
of ρ(Q,Q). After an elementary calculation, we obtain
λ =
2pi
[
2ρ′Q(Q,Q)− ddQρ(Q,Q)
]
h¯Km∗
+
√
K∂n
(
1
m∗
)
2pih¯
. (11)
3Here ρ′Q(Q,Q) = ∂ρ(k,Q)/∂Q|k=Q. Suitably multiplying
Eq. (11) by m∗
√
K and taking the derivative with respect to
Q, the partial derivatives in the right hand side are canceled as
a consequence of Eq. (10). Finally, expressing all the deriva-
tives to be with respect to the density, we find
∂n(λm
∗√K) = 1
pih¯
(∂n
√
K)2 − 1
2pih¯
∂n
(
K
∂nm
∗
m∗
)
. (12)
The expression (12) describes the cubic term in the spectrum
(1). It is an exact result valid at any interaction strength. We
note that the details of the interaction potential are not impor-
tant for its derivation once the two-particle scattering phase
shift is a nonsingular function. We point out that Eq. (12) can
be expressed only in terms of the dependence of the Luttinger
liquid parameter K on the density and the density itself [cf.
Eq. (3)]. Generally, K can be obtained from the ground-state
energy using Eq. (2) and its connection to the sound velocity.
The evaluation of ν = ∂
4ε(k)
∂p(k)4
∣∣
k=Q
is more tedious. How-
ever, one can proceed along the same lines as for λ and use
Eq. (10) and its derivatives to transform various partial deriva-
tives. The final result takes the form
2pih¯
m∗K3/2
∂n(νm
∗K) = ∂2nλ−
(
3∂nv
v
− 5∂nm
∗
2m∗
)
∂nλ
+
3
2
[
5(∂nK)
2
2K2
− ∂n(n
2∂nK)
n2K
+
∂n
(
n∂n
1
m∗
)
n 1m∗
]
λ
− 3
2vm∗5/2
∂n
(
∂nm
∗
√
m∗
)
. (13)
Equations (12) and (13) apply to integrable models with non-
singular phase shifts, including the Lieb-Liniger and the hy-
perbolic Calogero-Sutherland models. They have the form of
first-order differential equations and can be solved up to a nu-
merical factor, as we demonstrate below.
Let us evaluate λ and ν for the Lieb-Liniger model. We
characterize the interaction strength by the dimensionless pa-
rameter [31] γ = c/n. Solving Eq. (12), with the help of the
dimensional analysis, we obtain
λ =
∫
dn(∂n
√
K)2
pih¯m∗
√
K
+
√
K∂n
(
1
m∗
)
2pih¯
+
A
h¯m∗
√
Kγn
, (14)
where A is a numerical constant. The last term of Eq. (14)
accounts for the integration constant. Similarly, for ν we find
ν =
∫
dnm∗K3/2 g(n)
2pih¯m∗K
+
B
h¯2m∗Kγ2n2
, (15)
whereB is a numerical constant, while g(n) denotes the right-
hand side of Eq. (13). The Luttinger liquid parameter K that
enters the previous equations can be found from the ground-
state energy E0. The latter can be expressed [31, 35] in terms
of the dimensionless function e(γ) through the relation E0 =
(h¯2n2N/2m)e(γ). Using Eq. (2) andK = pih¯n/mv, one can
find K = pi/
√
3e− 2γ dedγ + 12γ2 d
2e
dγ2 .
In the limit of weak interaction, γ  1, the function e(γ)
is analytically calculated in Refs. [35–37]. It leads to
K =
pi√
γ
[
1 +
√
γ
4pi
+
3γ
32pi2
+O(γ3/2)
]
. (16)
In order to find the numerical constant A of Eq. (14) it is
sufficient to calculate the leading order result ρ′Q(Q,Q) =√
pi/12nγ5/4 in Eq. (11). We have obtained the latter expres-
sion using the Wiener-Hopf technique to solve the approx-
imate version of the integral equation (5) that correctly de-
scribes ρ(k,Q) in the leading order in γ and at k in the vicinity
of Q [35, 38]. The final result takes the form
λ =
1
4h¯mn
√
γ
[
1− 11
√
γ
12pi
+
19γ
192pi2
+O(γ3/2)
]
. (17)
At the leading order, Eq. (17) is in agreement with the result
of Ref. [39]. However, our result (14) is exact and enables us
to find all higher-order corrections in the expression for λ; the
first two are given in Eq. (17). The evaluation of ν is done in
a similar manner, with the result
ν =
5
√
pi
32h¯2n2mγ5/4
[
1− 49
√
γ
24pi
+
203γ
128pi2
+O(γ3/2)
]
. (18)
The results (17) and (18) are valid at weak interaction, γ  1.
They diverge at γ → 0. However, the spectrum (1) is ap-
plicable for low momenta, |p|  h¯nγ3/4, and remains finite
at γ → 0. We note that at higher momenta the spectrum of
the type I elementary excitations takes the Bogoliubov form,
while the type II excitations correspond to the dark soliton so-
lution of the time-dependent Gross-Pitaevskii equation [40].
In the noninteracting limit one then obtains the usual form of
the spectrum p2/2m.
At strong interaction, γ  1, the kernel of the integral
equation (5) can be expanded into a power series and then
Eq. (5) can be solved [31, 41, 42]. For the derivative of the
density of rapidities that enter Eq. (11) we find
ρ′Q(Q,Q) =
1
pi2nγ
[
1 +
4
γ
− 2(pi
2 − 2)
γ2
+O(γ−3)
]
. (19)
Together with the Luttinger liquid parameter calculated in
Ref. [41], K = 1 + 4/γ + 4/γ2 − 16pi2/3γ3 + 32pi2/3γ4 +
64pi2(−5 + 3pi2)/15γ5 +O(γ−6), Eq. (19) enables us to find
the constant in Eq. (14). We then obtain
λ =
16pi
h¯nmγ3
[
1− 10
γ
+
6(10− pi2)
γ2
+O(γ−3)
]
. (20)
Similarly, we find the expression
ν =
16
h¯2n2mγ3
[
1− 10
γ
− 12(pi
2 − 5)
γ2
+O(γ−3)
]
. (21)
At the two lowest orders, Eqs. (20) and (21) are in agreement
with Ref. [41]. In Figs. 1 and 2, we plot the numerical results
4FIG. 1. Plot of the coefficient λ (in units where h¯ = n = m = 1)
as a function of γ. The dots represent the numerically exact result,
while the two lines are our analytical results given by Eqs. (17) and
(20).
FIG. 2. Plot of the coefficient ν (in units where h¯ = n = m = 1)
as a function of γ. The dots represent the numerically exact result,
while the two lines are our analytical results given by Eqs. (18) and
(21).
for λ and ν obtained by solving the Bethe ansatz equations and
find perfect agreement with our analytical asymptotic results.
As a by-product of the previous calculation, we can obtain
the exact information about the partial derivatives of ρ(Q,Q).
In particular, from Eqs. (11) and (12) we obtain the differential
equation showing that the derivative of the density of rapidi-
ties at the Fermi rapidity, ρ′Q(Q,Q) = ∂ρ(k,Q)/∂Q|k=Q,
must satisfy:
∂n
[
8pi2√
K
ρ′Q(Q,Q)
]
= ∂2nK + 2(∂n
√
K)2. (22)
Equation (22) is exact and valid for a general Galilean invari-
ant integrable model. We note that Eq. (22) can also be ob-
tained directly from Eq. (10). In the special case of the Lieb-
Liniger model, the solution of Eq. (22) follows from Eqs. (11),
(17), and (20). At weak interaction, γ  1, we obtain
ρ′Q(Q,Q) =
√
pi
12nγ5/4
[
1 +
√
γ
2pi
+
17γ
128pi2
+O(γ3/2)
]
, (23)
while at strong interaction, γ  1, it is given by Eq. (19). The
other partial derivative can now be easily found: ρ′k(Q,Q) =
dρ(Q,Q)/dQ−ρ′Q(Q,Q). In a similar fashion one can obtain
second partial derivatives of ρ(Q,Q) from ν; however we do
not pursue them here.
Equations (12) and (13) contain the relations for the cubic
and quartic terms in the spectrum (1) at an arbitrary interac-
tion. For the case of the Lieb-Liniger model, the correspond-
ing relations are given by Eqs. (17) and (18) at a weak interac-
tion, while at a strong interaction they are given by Eqs. (20)
and (21). They apply for both cases of type I and type II ex-
citations. Namely, the spectrum of type II excitations, ε−p , is
defined by Eqs. (6) and (9) at |k| < Q. In the case of analytic
p(k) and ε(k), it can be formally related by the spectrum ε+p
of type I excitations as ε−p = −ε+−p [41]. Hence, it is justified
to assume the energy spectrum in the form given by Eq. (1).
Moreover, all the relations that we found for the prefactors in
Eq. (1) are equally valid for both types of elementary excita-
tions.
Our results have a direct application for the calculation of
exponents in the dynamical correlation functions. The expo-
nents can be related to the derivatives of the excitation spec-
trum (1), as shown and detailed in Refs. [13, 24]. In general,
they are momentum dependent; such behavior is controlled by
the cubic and higher-order terms in the spectrum, which are
found in this work. Moreover, our results have an application
for the evaluation of the so-called shift function of the inte-
grable model [13, 33], which satisfies an equation of the form
(5) where instead of the constant 1/2pi, on the right-hand side
one has the two-particle phase shift. As was initially shown
in Refs. [20–22], the exponents in the dynamical correlation
functions can be (also) related to the shift function, and thus
one can use the explicit results for the spectrum to calculate
the shift function.
In conclusion, we showed that the spectrum of elementary
excitations in one-dimensional Galilean invariant integrable
models (with a nonsingular two-particle phase shift) is con-
trolled by the ground-state properties of the system. We found
general exact relations for the cubic and quartic terms in the
spectrum (1). For the Lieb-Liniger model we extracted the
explicit results in the regimes of weak and strong interaction.
Our results show that, like the excitation energy, the expo-
nents in the dynamical correlation functions are controlled
by the features of the ground state of the liquid. The ap-
proach developed here can be used to find higher-order terms
in Eq. (1). It has potential generalizations to the integrable
one-dimensional models without Galilean invariance and the
multicomponent models. There one would also expect the ex-
citation spectrum to be controlled by the ground-state proper-
ties of the system.
We thank K. Matveev for useful discussions.
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